HYBRID PRIKRY FORCING

DIMA SINAPOVA

ABSTRACT. We present a new forcing notion combining diagonal super-
compact Prikry focing with interleaved extender based forcing. We start
with a supercompact cardinal x. In the final model the cofinality of &
is w, the singular cardinal hypothesis fails at kK and GCH holds below
k. Moreover we define a scale at k, which has a stationary set of bad
points in the ground model.

1. INTRODUCTION

Groundbreaking works of Cohen and Easton showed that every reason-
able behavior of the powerset operation for regular cardinals is consistent. In
contrast, for singular cardinals, there are deep ZFC constraints on the pow-
erset function, and consistency results require large cardinals. This leads to
a long standing project in set theory, known as the Singular Cardinal Prob-
lem: find a complete set of rules for the behavior of the operation k +— 2
for singular cardinals «.

Obtaining consistency results about singular cardinals involves violating
the singular cardinal hypothesis (SCH). SCH states that if x is singular strong
limit, then 2 = k™. One classical method of constructing a model where
SCH fails is to blow up the power set of a large cardinal, and then singularize
it. Then x remains strong limit, but GCH does not hold below . The reason
for that is that by reflection, adding many subsets of x in advance requires
adding many subsets of a for a measure one set of a’s below k.

So this construction does not achieve what we can refer to as “the ultimate
failure” of SCH: having a singular cardinal s, such that 2% > k* and GCH_,,
holds. The same is true for Magidor’s original supercompact Prikry forcing,
with which he first showed that SCH at N, can be violated. Starting with a
cardinal x that is A-supercompact, supercompact Prikry forcing singularizes
all cardinals in the interval [k, A]. An important variation of this is diagonal
supercompact Prikry forcing, which singularizes cardinals in the interval
[k, A), where A is a successor of a singular cardinal.

Another approach is to start with a cardinal that is already singular and
a limit of strong cardinals and then add many Prikry sequences via extender
based forcing to increase its power set. Extender based forcing is one of the
most direct ways to violate SCH, and it starts with strong cardinals in the
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ground model. It first appeared in Gitik-Magidor [4]. Since no subsets are
added in advance, GCH below k can be maintained.

Here we describe a a construction that combines both strategies. More
precisely, we define a hybrid Prikry forcing that simultaneously singularizes
a large cardinal x, singularizes and collapses an infinite interval of cardinals
above k, and uses extenders to add many Prikry sequences to [], &, so that
SCH is violated. This way, since we are not adding subsets in advance, and
our main forcing does not add bounded subsets of x, we can maintain GCH
below k. Our forcing combines diagonal supercompact Prikry forcing with
extender based forcing. The former is used to singularize x, adding a generic
sequence (z,, | n < w), where each x,, € P,(k™"). The latter is used to add
many Prikry sequences though [], &N xzp41.

Theorem 1.1. Suppose that k is supercompact. Then there is a forcing
notion, P, which we call the hybrid Prikry, such that:

(1) P does not add bounded subsets of k,

(2) setting p = (k1) we have that P preserves cardinals T > u,
(3) P adds an w sequence cofinal in k and makes p the successor of K,
(4) P adds put many new w - sequences in [, .

Finer analysis shows:

Theorem 1.2. Suppose in V, k is supercompact and GCH holds. Let p =
kTt Then after forcing with the hybrid Prikry, in the generic extension
we have:

(1) k is singular of cofinality w, p is the successor of k, and cardinals
above p are preserved.
(2) GCH holds below k, and 2% = k*. And so SCH fails at k.

Moreover, there is a scale at k, whose set of bad points is stationary in the
ground model.

Scales are a central concept in PCF theory. Given a singular cardinal
K = sup,, kn, where each r, is regular, a scale of length k' is a sequence
of functions (fo | @ < k) in [], s, that is increasing and cofinal with
respect to the eventual domination ordering, <*. Le. f <* g if for all large
n, f(n) < g(n). A point a < kT with cf(a) > w is good if there is an
unbounded A C « such that {fz(n) | 8 € A} is strictly increasing for all
large n. Otherwise « is a bad point. A scale is good if on a club every point of
uncountable cofinality is good, and a scale is bad if it is not good, i.e. there
are stationary many bad points. The existence of a bad scale is a reflection
type property. For example, every scale above a supercompact cardinal is
bad.

The paper is organized as follows. In section 2 we define the main forc-
ing and prove some of its main properties, including the Prikry property,
cardinal preservation, and violating SCH. In section 3 we define the scale.
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2. THE FORCING

Suppose that in V', GCH holds and « is a supercompact cardinal and set
p = k1T¥F1 Let U be a normal measure on P, (u), and for all n < w, let U,
be the projection of U to P.(k*™). Also let o : V — M witness that & is
kT9t2 4+ 1 - strong and let E = (E, | a < k7“*2) be x complete ultrafilters
on K, where B, ={Z C k| @ € 0(Z)}. As in [2] we define a strengthening
of the Rudin-Keisler order: for a, 8 < k7912, set a <g B if @ < § and there
is a function f : k — k, such that o(f)(8) = a. For a <pg f3, fix projections
Tga : K — K to witness this ordering, setting m o to be the identity. We do
this as in Section 2 of [2] with respect to s, so that we have:
(1) ompa(B) =
(2) For all @ C k™**+? with |a|] < &, there are unboundedly many 3 <
k192 such that o <g 8 for all « € a.
(3) For o < B <, if a <gpyand f <g 7, then {vr < Kk | myo(v) <
my,8(V)} € Ey.
(4) If {o; | i < 7} C a < kT2 with 7 < k, are such that for all i < 7,
«o; <g «, then there is A € F,, such that for all v € A, for all
i,j <7,if a; <p aj, then T4 0, (V) = Ta,,0; (Taa, (V)

Definition 2.1. The poset Q = Qo U Q1 is defined as follows:
Q1 ={f: "2 =~ g ||f] <k} and <y is the usual ordering. Qo has
conditions of the form p = {(a, A, f) such that:
e a C kT2 |a| < K, and B <p max(a) for all B € a,
e f€Q and andom(f) =10,
o Ac Fyaxa
o foralla <gp B <g~vyina, andv € Tmaxay A, Ty,a(V) = T8,a(7y 5(V)).
o foralla < fin a, for allv € A, Tmaxa,a(V) < Tmaxa,s(V)
<bvBag> <o <a’7 A7 f) Zf
(1) b D a,
(2) Tmaxbmaxa B C A;
(3)g>f

Define <*=<o U <1 and for p,q € Q, p < q, if p <" qorp e Qq, ¢ =
<a)A7 f> € QO and:

(1) pD f, a C dom(p)

(2) p(maxa) € A

(3) for all B € a, p(f) = Tmaxa,g(p(Mmaxa))

Basically Q is the Prikry type forcing notion Q,, from Section 2 of [2] with
replacing x,. Note that Q; is dense in Q, and Q; is equivalent to the Cohen
poset for adding k1“2 many subsets to xT*!. In particular, we have the
following:

Proposition 2.2. Q has the k7“2 chain condition.
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We also remark that just forcing with Qg will collapse k™ *! to & (see
Assaf Sharon’s thesis [9]).

Definition 2.3. For a condition p = (a, A, f) € Qo and v € A, let p~v =
FU{(B, ™maxa,3(V)) | B € a}. Le. p~v is the weakest extension of p in Qq
with v in its range.

Note that if g € Qq, with g < p = (a, A, f), there is a unique v € A such that
g < p~v (take v = g(maxa)). Furthermore, if g < g < p, ¢ = (a?, A9, f9),
D= <ap7 Apv fp>7 and g <q v, then g <p where v/ = 7rmaxa‘?,maxa}’(V)-

Proposition 2.4. Q has the Prikry property. Le. given a condition p and
a formula in the forcing language ¢, there is ¢ <* p such that q decides ¢.

Proof. The proof is standard and appears in [2]. We include it for complete-
ness. Let p = (a, A, f) be a condition and ¢ be a formula. For each v € A,
let g, < p~v be such that g, || ¢ and set f, = g, [ (domg, \ a).

Since the domain of the f,’s is bigger than the size of A, we can arrange
that the f,’s are compatible. Shrink A to a set A’ € Eaxq such that for all
ve A, g, decides ¢ the same way. Let f' =J,c 4 fo. Then p' = (a, A, f')
decides ¢.

O

We are ready to define the main forcing. For z,y € Pi(k1), we will
denote r, = kN and use the notation z < y to mean  C y and o.t.(z) < Ky.
Since on a measure one set, k, is an inaccessible cardinal, we assume this is
always the case.

Definition 2.5. Conditions in P are of the form

p= <3§'0,f0, "'7$l—17fl—l?AlvF‘laAl+17E+1-~->
where | = length(p) and:

(1) Forn <,
(a) z, € Pu(k™™), and fori <mn, z; < T,
(b) fn € Ql-

(2) Forn >1,
(a) A, € Uy, and x1—1 <y for all y € A;.
(b) F, is a function with domain A, fory € A, F,(y) € Qp.

(3) For z € Ay, denote F,(z) = (a}, AL, f?'). Then for I < n < m,
Y € Ay, z € Ay with y < z, we have ay C a'.

For a condition p, we will use the notation p = (x{, f§,...,x] 1, f 1, A}, F},...),

and forn > 1 and y € A7, F(y) = (a(F (y)) A(F ( ), F(ER(y))). The
stem of pis h= (&b, f,....al |, /I }).

For two conditions p,q, set ¢ < p if p = (X0, f§, s Tn_1, [1_1, AL, FE, .Y,
q= <CCO, fgu coos Tn4+m—1, fg+m717An+m7 F7?+m7 >7 and:

(1) Fori<mn, f1> fF.

(2) Fori<m, xpy; € AV,
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(3) Fori<m, fl . <q Fr,(#nyi) and if v < K is the unique such that
i <o FF i(znyi) v, then:
o ifi <m—1, we have v < kg, 1y,
o ifi=m—1, we have v < k; for all z € A] .
(4) Fori>n+m, Al C A? and for all y € A, F{(y) <q FF(y).
We say that q is a direct extension of p, denoted by q <* p, if ¢ < p and
th(q) = th(p)-

Sometimes we will say that we shrink a condition p to mean replacing p with
a direct extension.

Lemma 2.6. (P, <*) is k-closed.

Proof. Let 7 < k and (po | @ < 7) be a <*-decreasing sequence in P of
conditions with some fixed length I. Let & = (x,...,2;_1) be such that for
some (equivalently all) o, stem(py) = (&, fP). First let f; be stronger than
cach fP* for i < 1. Also, for n > 1, let A, =), ., A"

Next we will define (F,, | | < n < w) by induction on n, such that each F),
has domain A, for z € A, F,(x) = (a(F,(x)), A(Fp(2)), f(F.(x))) € Q1.
We will maintain that for all ] < k < n, x € A,y € A, if £ < y, then
a(Fi(z)) C a(F,(y)). Note that this implies that a(F(x))Ndom(f(F,(y))) =
0

Let d = Uperi<ncwaea, dom(f(FF*(x))). Then d is a bounded subset of

k1912, Note that taking lower bounds of elements in Qg requires more than
just taking the union of the first coordinate i.e. the a’s. We also have to
take a maximal element. Thus when defining the lower bound, we will make
sure that the maximal element of each a(Fj(z)) is above max(d). To do
that we use that there are always unboundedly many choices for a maximal
element.

Fix n and suppose we have defined Fy, for all [ < k < n. For y € A,, let
@) = Uper a(EZ(9), and ) = Uy s ny oy @(Fr(@))- Let p > max(d)
be a maximal element for aj, U a; and set a, = a; U aj U {p}.

Finally set fy, = Uy, f(Fi*(y)) and Ay to be the intersection of all

T etz (o AR () for a < 7. Then define Fo(y) = (ay, Ay, fy)-

Claim 2.7. a, Ndom(f,) =0

Proof. By construction p ¢ dom(f,). Now, suppose that & € a(FF*(y))
for some o« < 7. Then for any f < 7, setting v = max(«, 3), we have
a(FE(y)) C a(FY(y)) and dom(f(FY*(3))) < dom(f(FL(y)). Since
a(FR (y)) Ndom(f(FY (y))) = 0, we have £ ¢ dom(f((Fh"(y))). It follows
that a; Ndom(f,) = 0.

Finally, to show that aj N dom(f,) = 0, we argue that for all k < n,
x € Ay with z < y, a(Fi(x)) Ndom(fy) = 0. Use induction on k. Denote
a(Fi(z)) = al, U al U {max(a(Fi(z)))}, where a,,a! are defined as above
but for z. By construction the maximal element is not in the domain of f.
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Also since z < y, al, C a’y, and so it is disjoint from dom(f,). Lastly, since
z < x < y implies z < y, by induction we have that a(F,(z)) Ndom(fy) =0
for any m < k,z € Ay, z < . So we have that a/ N dom(f,) = 0.

This concludes the argument that aj N dom(f,) = (), and finishes the
claim. O

Flna’lly define p by Setting p= <$05 f07 sy Ll—1, fl—la Al7 ﬂu Al+17 ﬂ+17 >
Then p is a lower bound.
(]

Next we show that P has the Prikry property. First we introduce some
notation.

Definition 2.8. Let p be a condition with length [. For y € Af and v €
A(Ff(y)), define p~(y,v) =:
<x8) f(l))7 ey xlp_lv flp_l) Y, F}p(y)AV7 A;/_;_Vla -F}:Li,;) >

where for n > 1:

o AV =ANn{z|y=<zv <k},

o FJY = FL | ALY
Similarly, for anyn > 1, § = (y < ... < yn) of points in [[;c;<, AP and
V€ [Li<i<n AF] (yi)) with each v; < Ky, ., define p~ (i, ) to be the weakest
extension of p with length n+ 1 such that the stem is derived from § and U.

Also, if p, q are conditions, n < lh(p),1h(q), we say that [F}|y, < [Filu,
if for almost all z € A}, FF(x) <qg, Fi(z).

Lemma 2.9. (Diagonal lemma) Suppose that p is a condition with length [,
and for all y € AV and v € A(F}(y)), there are conditions p¥* <* p~ (y,v),
such that:
(1) For alli <1, y1,y2 € A} and vy € A(F(y1)),v2 € A(F](y2)), we
have thyat 3
ffyl' " and ffy} * are compatible.
(2) for cach y € AP, (f4 | (dom(fP*) \ af(y)) | v € A(FP(y))) are
pairwise compatible.
(3) Foralln, <[F£y7 lu, |y € AV v e A(FF(y))) are pairwise compatible.
Then there is p' <* p such that if ¢ < p' with Ih(q) > lh(p)+1, then ¢ < p¥
for some y,v.

Proof. Denote p = (zo, fo, ..., Ti—1, fi-1, A1, FI, -..), Fu(y) = (ay, Ay, f;}) and
each p¥ = (zo, f§", .o m, 270, 177 AL B )+ Also denote FiPY(2) =
(an” (2), An” (2), fa” (2)).
Define p’ = (xo, £y, ..., x1-1, f|_1, A}, F}, ...) as follows:
° fZ/ = UyGAl,VGAly fz-y’y for ¢ < [.
[ ] AE = Al,
o Fi(y) = {ay, Ay, Uyear {1 (dom(f") \ ay))
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e Forn > l? A{n = AyGAl,VEAéA%W = {Z € An | z € ﬂy-<Z,V€Aérmz A%’UL

e For n > I, let [F!]y, be stronger than each [EF)"]y, for y € A;,v €
Aé. Here we use that the number of such pairs is 1, and 5, (Qp) is
closed under sequences of length x™". By further shrinking A/ we
can arrange that for all y € A), F/(y) <q F""(y) for all z < y and
v € AL N ky. Also, arguing as in Lemma 2.6 we arrange that the
F)’s satisfy the last item of the definition of P.

Then p’ is as desired.
[l

Corollary 2.10. Let 0 < n < w. For every condition p and every formula
in the forcing language ¢, there is p' <* p, such that for all ¢ < p’ with
Ih(q) = n+lh(p), if there is v <* q which decides ¢, then q decides ¢.

Proof. By induction on n. If n = 0, the result is immediate. So, suppose

that n > 0, and the corollary holds for n — 1. Fix p and ¢. For all y € Afh(p)

and v € Afh(p)(y), by the inductive assumption there is p¥* <* p™(y,v),
such that for all ¢ < p¥* with lh(q) = n + lh(p), if there is r <* ¢ which
decides ¢, then ¢ decides ¢.

Defining these condition inductively, we can arrange that they satisfy
the assumptions of the diagonal lemma. Apply the diagonal lemma to the
conditions p¥ and p to get p’ <* p, such that if ¢ < p’ with lh(q) > Ih(p)+1,
then ¢ < p¥" for some y,v. Then p’ is as desired. For if ¢ < p’ with
lh(q) = n + lh(p), let y,v be such that g < p¥¥. Now, if r <* ¢ decides ¢,
then by the way we chose p¥", it follows that ¢ decides ¢.

O

Lemma 2.11. (The Prikry property) Suppose p is a condition and ¢ is a
formula in the forcing language, then there is ¢ <* p which decides ¢.

Proof. We start by showing two claims. The first claim states that we can
restrict ourselves to a fixed length when looking at extensions of p deciding
¢. The second claim applies the diagonal lemma to shrink p so that the
weakest extensions of the fixed length decide ¢.

Claim 2.12. There is lh(p) < n < w and p' <* p, such that for all ¢ <* p/,
there is r < q with length n such that r decides ¢.

Proof. Suppose otherwise. L.e. we have that:

(1) for all n > lh(p), for all direct extensions p’ of p, there is ¢ <* p/, such
that for all r < ¢ with length n, r |} ¢.

We will build a decreasing sequence of conditions (p" | | <n < w), where
[ = lh(p), such that each p™ <* p, and for all < p™ of length n, we have
that » does not decide ¢. Set p; = p. Suppose n > [ and we have defined
p"~1. Let p" be given by applying () to n and p"~!. Finally, let ¢ be
stronger than every p”. It follows that no r < ¢ decides ¢. Contradiction.

O
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By the above claim and Corollary 2.10 we can shrink p and fix n so that:

e for all direct extensions p’ of p, there is ¢ < p’ of length n that
decides ¢,
e for all ¢ < p with [h(g) = n, if there is r <* ¢ which decides ¢, then
q decides ¢.
Assume for simplicity that (A(p) = 1 and n = 3. The general case is
similar. Denote p = (xo, fo, 41, F1,...), and for y € A,n > 0, F,(y) =
(ay, Ay, f). For x € A,y € Ag,x < yand v € A} let Bf, = {0 €
Ay | o™z, y), (v,0)) IF ¢}, By, = {0 € AY | p™({z,y), (v,6)) I- ¢}, and
BS, ., = AZ \ (Bf,,UB;,,). One of these sets is measure one; let By,

z,vY z,vY z,vy
be that measure one set.

Set By = mueA;rmy By

Let A:Jcr,u - {y € Ay ’ BZ,V,ZJ - B;:F,V,y}7 A;‘,I/ - {y € Ay ‘ Bm,v,y = B:;,V,y}v
A5, = Ay \ (Af, UAL,). One of these is measure one; let A;, be that
measure one set.

Ay = DAz ={y € Ao |y € sy ren,
Al and each F{(y) = (ay,ﬂxw Bay, fy)-

Let Bf ={ve AL | A,, = A;;V}, By ={veAl| A, = Az}, and
B = A\ (Bf UB,).

Set B, = B if it is measure one, B, if it is measure one, and B¢
otherwise.

Let AT ={xr € Ay | B, = B}, A~ ={x € A, | B, = B}, A° =
A;\ (AT U A7). One of these is measure one; let A} be that measure one
set. Define F| by dom(Fy) = A} and Fi(z) = (ay, By, fz).

A; ). Define Fy by dom(Fy) =

Set p' = (o, fo, A, F{, A5, F5)"p | [3,w). We will show that p’ is as
desired.

By the way we choose p, we can fix condition 7 < p’ with length 3, such
that r || . We have to show that p’ decides ¢.
Claim 2.13. A} = AT or Aj = A",
Proof. Let x,y,v,d, be such that » <* p'” ((z,y), (v,0)). Then since p was
chosen to satisfy Corollary 2.10 for n = 2, we have that p'~ ((z,y), (v, d))
decides ¢. Now, suppose for contradiction that A} = A° then z € A°
and so B, = Bf. Then since v € B, = B§, we have that 4, , = AQCW.
Since y € A), * < y, and v < Ky, we have that y € A,, = Ag . So,
Byyy =By, Thend € Byy C Byyy = Bg,, - So, P (z,y), (v,d)) does
not decide ¢. Contradiction. U

Then p’ decides ¢.
([l

Corollary 2.14. P does not add bounded subsets of k.

It follows that all cardinals less than or equal to k are preserved and GCH
holds below k. Next we show that p is preserved. We use the following fact.
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Proposition 2.15. Suppose that D is a dense set and p is a condition with
length . Then there is some n and q <* p, such that for all ij € Hl§i<n AP
U € [lj<icn A, we have that ¢~ (§,7) € D

Proof. This is essentially the Prikry property, so we only outline the proof.
First by shrinking measure one sets, we may assume that for some fixed n,
for all ¢ < p of length n + [, there is some r <* ¢ such that » € D. Then
diagonalize over i € [],c; ., AV, 7 € [[;<;<n AY (yi) to get a condition ¢ <* p
such that for all ¢, 7, ¢~ (i, 7) is in D.

O

Let G be P generic, and let (z¥ | n < w), each z} € Py(k*"), be the
added generic sequence. Set \,, = x;, N k. Standard density arguments yield
the following.

Proposition 2.16. (1) if (An | n < w) € V is a sequence of sets such
that every Ay, € U, then for all large n, x; € A,.
@) U, o = ()7
(3) for each n >0, the cofinality of (x™™)V in V]G] is w.

Proposition 2.17. p := (k7)Y remains a cardinal after forcing with P.

Proof. Suppose otherwise. Then in V[G] the cofinality of p is less than .
Let n and p € G with [h(p) > n be such that p |- “f .7 — uis unbounded
and 7 < A\, Forall vy <7, let D, = {qg <p| 3gl f(n) =0}
Then D, is dense below p. For each v < 7, let p7 <* p and n, be given
by Proposition 2.15. By defining (p” | v < 7) inductively, we arrange that
(p7 | v < 7) is a decreasing sequence. Let p’ be such that p’ <* p7 for all 7.

Fix v and (Z,7) with length n., compatible with p”. Let aﬁf’m be such
that

P T D) IF fy) = ol

Let ay = supz aﬁfﬂ) < p and let @ = sup, ., @, < p. Then each p7 I-

f(v) < ay, and so p' IF (Vy)(f(v) < «). Contradiction.
([

Our next goal is to show that u* is preserved. Let
Py := {(ah,...,2l | AP )| p e P},

n—14'n

with the induced ordering from P. Since conditions with the same stem
are compatible, Py has the p-chain condition. Characterization of genericity
of Py is given by condition (1) above, i.e. the condition is both necessary
and sufficient for a generic sequence. This follows by adapting Mathias’
arguments in [7] to diagonal supercompact Prikry. Then we have that G
generates a generic filter for Py. Next we show that P/Py has the pu™-chain
condition.

Lemma 2.18. Suppose that Gy is Py-generic over V.. Then P/Gy has the
u" chain condition.
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Proof. Say G generates the generic sequence (z} | n < w). Suppose that
(pa | @ < uT) are conditions in P/Gy. Then there is an unbounded S C u™,
k < w, such that:

(1) for all @ € S, lh(p,) =k,

(2) for all n < k, {dom(f*) | @ € S} forms a A-system, with fP> and
fP8 having the same values on the kernel for o, 5 € S,

(3) for all n > k, {a(FE*(z})) Udom(f(FE*(z}))) | a € S} forms a A-
system, with f(F5*(z¥)) and f(Fy°(z*)) having the same values on
the kernel for a, 8 € S. Also, a(F5*(z%)) Ndom(f(En’ (z%))) = 0.

Then for any o, 8 € S, n > k, Fi*(z}) and Fy*(x}) are compatible in
Qo. To find a lower bound, just pick a maximal element for a(Fy*(z})) U
a(Fy° (z%)) that is above sup(dom(f(Fy* (z)))) and sup(dom(f(Fp’ (z)))).

Let o, 8 € S. Since for all n > k, Fy*(z}) and F}*(x}) are compatible,
by genericity of the z’s it follows that for all large n, B, = {z € Ah*NAY’ |
FP~(x) and F}*(x) are compatible} € U,. Say, for all n > k', B,, € Uy,.

Define a condition p with length &’ as follows. For n < k, let f, = fReufh?
and for k < n < k¥, let F,(z}) € Qp be stronger than F*(x}) and FF* (z}),
and then let f,, <g Fy(z}) v for some v < Kar - Since the conditions are
in P/Go, we can take such a v. Set stem(p) = (), fo, ..., T_q, fwr—1). Also
for n > k', set A, = B, and for z € AL, let F}(z) be stronger than F}*(z)
and F}*(x). Then p is stronger than p, and pg.

O

It follows that forcing with P preserves u*. Next we show that in the
generic extension x has u* = (k7+2)V many subsets. We have the added
generic functions f, : (kt“*2)Y — k for each n. Define to(n) = fn(a).
Then each tq € [],, #. Let (in V[G]) Fr = Upeqip<n ah(x,). Here Ff(x) =

(ah(x), AL(x), fh(z)). Set F =, Fh.

Proposition 2.19. (1) If « < 8 are both in F, then to <* tg.
(2) F is unbounded in (kT++2)V.

Proof. For (1), suppose that a < (8 are both in F. Let p,q € G be such that
for all large n, a € abh(x,), B € ak(x,). Let r € G be a common extension
of p,q. Then for some k, for all n > k, {a, 8} C al(xy). So, if 7 < risin
G and has length n + 1 for n > k, by the last condition of the definition of
Qo, we get that f' (o) < fr' (B). So, for all large n, to(n) < tg(n).

For (2), suppose that 8 < (k*“*2)V. We claim that D = {p | (3y <
(kT F2)\ B)(y € Nn>1h(p) year ah(y))} is dense. For if p is a condition, let

v € (ke 2)V\ (Unzlh(p)’yem(aﬁ(y) Udom(f%(y)))), such that 3 < ~. Then
extend each F}(y) to obtain (ay, Ay, fy), such that v € ay. Let ¢ < p be
such that Fii(y) = (ay, Ay, f;)). Then ¢ € D. Now, let r € DN G, then r
witnesses that there is v € F' such that v > .

O
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Remark 1. Using the above and by the definition of the ordering of the
forcing we can show that that if o € F, then for each n, to € [[,, Ant1.

Remark 2. We can use F'N u to define a good scale as described in [1].

It follows that in V[G], 2% = (kt«+2)V = (xT+)VIC]. So, SCH fails at .

3. THE SCALE

Fix a scale (g5 | v < p) € V in [[, T Set S = {v < pu |
7 is a bad point for (g% | v < p)}. Since k is supercompact in V', by stan-
dard reflection arguments S is stationary in V. In this section we define a
scale at k in the generic extension, such that every v € S is bad for this new
scale.

First we show a bounding lemma. We will use it to make sure that the
scale we define in V[G] is indeed cofinal. Recall that G generates the generic
sequence (z;, | n < w) and we defined A, = kzx for n < w.

Lemma 3.1. Suppose that in V|G|, h € ], AL, Then there is a sequence
of functions (Hy, | n < w) in V, such that dom(H,) = Py(kt"), H,(z) <
kL for all x, and for all large n, h(n) < Hy(z}).

Proof. Let p force that h is as in the statement of the lemma. For simplicity
assume that the length of p is 0.

Fix n <w and = € Aj. For all Z € [, A7,V € [[;<, A7 (2) of length
n+1 with z, = z, p7(Z,7) I+ f(n) < ki1, Here z, denotes the last
element of zZ. By the Prikry property we can build a decreasing sequence
(@7 | v < ki) such that for each v, ¢7 <* p™(Z,7) and ¢ decides
“h(n) = 7. Let ¢/&?) <* ¢7, for each 4. Then ¢‘%”) decides the value of
h(n) By defining the ¢*7)’s inductively, we can arrange that they satisfy
the assumptions of the diagonal lemma.

Define H,,(z,v) = sup{y < ;"1 | (32,7)(Ih(?) = h(¥) = n+ 1,2, =
&, vp = 1,¢5" |- h(n) = )} + 1. Here 2, and v, denote the last elements of
Z and ¥ respectively.

Then H,(x,v) < k"1 So, there is a measure one set A, (x), such that
for all v € A, (z) this has some constant value, denote it by H,(z). Let p/
be obtained from p by shrinking the sets A} (z) to A,(x).

We apply the Diagonal Lemma to ¢‘%?) for all (Z,7) of length n + 1, and
get ¢" <* p’ to be such that if r < ¢" has length at least n + 1, then for
some (Z, V), r < ¢‘%7). Let ¢ be stronger than each ¢". Then ¢ forces that
(H, | n < w) is as desired.

([l

The next lemma will be used to show that a witness of goodness in the
generic extension gives rise to a witness of goodness in the ground model.
In particular, if a point is bad in V, then it is bad in V[G].
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Lemma 3.2. Let 7 < k be a regular uncountable cardinal in V' (and so in
VI[G]), and suppose V|G] = A C ON,o0.t.(A) = 7. Then there is a B € V
such that B is an unbounded subset of A.

Proof. Let p € G, p I+ h: 7 — A enumerate A. By the Prikry lemma, define
a <*-decreasing sequence (p, | @ < 7), such for every o < 7, po, <* p and
there is n, < w, such that every ¢ < p, with length n, decides h(a). Then
there is an unbounded I C 7 and n < w such that for all a € I, n = n,.
Let p’ be stronger than all p, for « < 7. By appealing to density, we may
assume that p’ € G. Let ¢ < p be a condition in G with length n, and set
B={y|(BaeI)qlFh(a) =~}. Then B is as desired. O

Recall that p = (k*“*1)V and that we fixed in advance a bad scale
(95 | B < p) in [T, k™" in V, such that it has a stationary set of bad
points, S of cofinality less than x.

Vn < w, Vn < kT fix fil 2 X, — V, such that Vz fyl (z) < x1"+L, and
[f!v,, = n. Define in V[G], (g5 | B < p) in [T, \f T by:

gs(n) = 177 (a)

Corollary 3.3. (gg | B < p) is a scale in V[G], whose set of bad point is
stattonary in V.

Proof. By the way we defined (gg | f < p) and Lemma 3.1, we get that it
is a scale (see for example the arguments in [1]). Also, if 7 is a good point
in V[G] for (gs | B < p) with cofinality 7 with w < 7 < &, then v is a good
point in V' for <g§ | B < w). This follows from Lemma 3.2, which implies
that if there is a witness for goodness in V[G], then there is a witness for

goodness in V.
O

We conclude with some questions.

Question 1. How much failure of square can we get in the final generic
extension?

In [5], it is shown that failure of weak square is consistent with not SCH at
K, but there GCH also fails below k. It is open whether failure of SCH at
together with GCH below « is consistent with =%, or even with =[], ) for
all A\ < k. Another question concerns smaller cardinals:

Question 2. Can we interleave collapses and obtain the present construc-
tion for k =N, ?

A positive answer to the last question will probably involve using short
extenders.
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